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Abstract: Nowadays, inductive wireless power transfer is widely used in various applications over a
large power range. However, for high power systems, testing the magnetic coupler implementation
often requires too much time, space, and expense for normal laboratory conditions. For such a reason,
a miniaturized system is a viable alternative to the actual system for a preliminary test of transfer
characteristics and control strategy before constructing the full-scaled system. This paper studies
the scale conversion rules required for miniaturized coupler design to ensure the scaled and original
systems are as equivalent as possible to each other in terms of transfer characteristics. To verify the
proposed theory, a 1:15 scaled magnetic coupler was constructed, and its transfer characteristics were
compared with the original system. The proposed scaling rules were tested by experiment, and the
results agree well with the theoretical analysis and simulation.
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1. Introduction

Inductive wireless transfer (IPT) is one of the most promising solutions for wireless power
transmission. Since the paper from Soljacic at MIT was published [1], this technology has received
more attention from researchers. At present, it has been widely used in various power applications
from mega-watt to milli-watt systems such as cranes, electric vehicles, micro-robots, and biomedical
systems [2–5]. IPT system has a low maintenance cost, high system reliability, and high-efficiency [6,7].

Nowadays, the research focuses on many issues in IPT, and the major research topics can be
categorized into coil design, compensation network, and power flow control. First, coil design is
essential to increase the output power by enhancing the coupling coefficient [8]. In addition, various coil
shapes and configuration have been investigated such as circular coil [9], cylinder-shaped [10],
dual-transmitter structure [11], and three-coil structure [12–14]. Second, the compensation network
is investigated to make up for the inductance of the coil [15]. Third, power flow control has been
used for achieving the maximum efficiency [16], zero voltage switching [17], and low standby power
consumption [18]. Every research topic above requires a lot of time for the implementation of energy
coupler coils in actual size.

Therefore, if the predicting characteristics of IPT systems from the miniaturized system is
investigated, it will be greatly useful to save time, space, and labor before full-scale implementation.
Scale conversion technique refers to scaling of the physical size of the system. However,
the characteristic should be kept equivalent during the scaling procedure. The scaling conversion has
been used in many applications. Including the maglev system developed at MIT, which is constructed
with a 1/25 scale of the actual system [19], different kinds of scaling rules have been proposed in
various applications such as motor [20,21], transformer [22], and power converter [23–26].

Recently, the authors of [27–29] presented scaling rules for IPT. In [27], a scaling down rule
is proposed. However, since the resonant frequency is kept constant and the change of parasitic
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resistance is not considered, this rule is able to be applied in only a small scaling range of around 0.5,
which should be larger in the practical case. In [28], the authors investigated the scaling law based
on the relationship between the coupling coefficient and coil size for maximum efficiency. However,
they assumed the quality factor of the coil is considered as the constant even with different size of
coil. In fact, the time constant of the inductance to parasitic resistance is dependent on the coil size;
it is difficult to maintain the quality factor to be constant during the scaling. Some researchers tried to
introduce the normalized distance concept to describe the IPT coil characteristic in similar shapes with
different sizes [29]. However, they observed the efficiency change concerning the normalized distance.
Therefore, this study is not so useful for preserving the characteristics between the scaled and the
original system. All of the above-mentioned papers only consider the geometric scale factor without
considering the change in the parasitic resistance during the scaling process. However, in the real
system, it is difficult to keep parasitic resistance scale-invariant. In addition, the IPT system normally
works as a voltage converter; thus, voltage gain should be considered as an important parameter of
the system. Nevertheless, the authors of [27–29] did not consider the voltage gain. Besides, the authors
of [28,29] only considered constant frequency assumption. However, frequency control being widely
applied in IPT to regulate the output voltage and power as shown in [30–34]. Therefore, the transfer
characteristics of the magnetic coupler should also be considered in variable frequency conditions.

Recent publications present little investigation on retaining equivalence during scale conversion
in terms of the overall transfer characteristics. Specifically, the two key factors, efficiency and voltage
gain, have not been studied so far. Thus, we propose a novel scaling conversion rule to resolve the
problems of achieving an effective miniaturization in IPT system. There are three clear objectives.
First, a scaling rule that considers frequency domain is investigated. Second, it considers parasitic
resistance change. Third, the efficiency and voltage gain of IPT system are simultaneously considered
in scaling procedure. Among various compensation topologies in IPT system, the series–series (S-S)
compensation network is the most popular in high power system [35–37]. Therefore, S-S compensation
network is considered in this paper, and the circular coil shape [38] is chosen for the analysis because
of its simplicity in the mathematical formulation. With some modification, the proposed method can
be adaptable for other compensation networks with different coil shapes.

The paper is organized as follows. In Section 2, the target system and performance indices are
defined and scaling factor formulation is presented. Eventually, the scale conversion rule to retain the
performance is proposed. The proposed scaling law is verified with a hardware prototype in Section 3.
The conclusion is made in Section 4.

2. Materials and Methods

2.1. Target System and Performance Indices

In the IPT, two important factors of system are the voltage gain and efficiency, those parameters
are chosen as key parameters in the proposed scaling rules. The S-S compensated system in Figure 1a
is the systems considered in this paper because of its popularity in high power applications. L1 and
L2 are transmitter and receiver coil inductances, and C1 and C2 are the compensation capacitance of
transmitter and receiver coils for reducing the VA of the coils. Moreover, R1 and R2 are the parasitic
resistances of the transmitter and receiver coils, respectively. The ac source, V1, is usually generated
from a full-bridge inverter. For simplicity, only identical magnetic couplers are assumed here, and thus
every circuit parameter, including the resonant frequency, is regarded as equal. That is, L = L1 = L2,
C = C1 = C2, and R = R1 = R2, and so are the quality factors for the coupler, Q = ω0L

R = ω0L1
R1

= ω0L2
R2

.
When the coils are coupled by the coupling coefficient, k, and the secondary side is terminated by
the load resistance, RL, two normalized coupler design parameters can be introduced as FOM = kQ
and rd = RL

R . FOM (figure of merit) is the product of coupling coefficient, k, and the quality factor, Q,
which is a measure for the effectiveness of the resonance. Those are known as key factors in the design
of the wireless power transfer system. The ratio of the load resistance to the parasitic resistance of the
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coupler is defined as rd. It is well known that the voltage gain, MV,AC, and power transfer efficiency, η,
of the S-S compensated coupler in Figure 1a at the resonant frequency are completely characterized by
the following two equations [39], the detailed derivation of which is given in Appendix A.

MV,AC =
V2

V1
=

FOMrd
FOM2 + (1 + rd)

, (1)

η =
FOM2 · rd

(1 + rd)
2 + FOM2(1 + rd)

. (2)

Therefore, the efficiency and the voltage gain can be kept constant by making sure FOM and rd are
invariant during the scaling process and the way to achieve such a condition is discussed in the
subsequent sections.

V1

C1

L1 L2

C2

RL

k

I2I1
V2

+

-

+

-

R1 R2

(a) Series–series compensated IPT system.

bb
b

ab

Tx coil

Rx coil

z

(b) Circular coil with square cross section.

Figure 1. Target system.

2.2. Proposed Scaling Rules

2.2.1. Geometric Scaling and Circuit Parameters

Figure 1b shows the magnetic coupler structure under consideration, where two circular coils
with square cross-section are separated by a distance, z. The inductance of a coil can be approximated
by Stefan’s formula [40,41],

L = 0.1aN2S(a, b), (3)

where N is the number of turns and

S(a, b) = 4π

[
1
2

{
1 + 1

6

(
b
2a

)2
}

ln 8

( b
2a )

2 − 0.84834 + 0.2041
(

b
2a

)2
]

, (4)

where a is the mean radius of the turns and b is the radial dimension of the cross-section of coil.
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When the geometric ratio of the coil structure is preserved as

a′

a
=

b′

b
=

z′

z
= γg(< 1), (5)

during the scaling process, S(b, a) is invariant so the inductance is also scaled by the above geometric
scale ratio, γg. It should be noted that every primed variable in this paper denotes the scaled quantity
of the non-primed variable. Therefore, the following inductance relations are obtained.

L′

L
= γg (6)

Remember that, to keep voltage gain and the efficiency at the resonant frequency the same as the
original system, both FOM = kQ and rd = RL

R should be scale-invariant. It is expected that FOM can
be kept practically invariant if the effect of an inductance change caused by the geometric scaling is
wholly canceled out by the parasitic resistance change. However, even though the self and mutual
inductance are scaled by the same factor as the geometric scaling, it is difficult to accurately estimate the
parasitic resistance of the coupler in most practical cases because of the discrete Litz-wire availability
and the field distribution due to factors such as skin and proximity effects [42]. In addition, it is not
uncommon for the ac resistance, RAC, to be much higher than the dc resistance, RDC, which makes
any lumped approximation almost always underestimate the resistance, R. The DC resistance can be
approximately calculated as

RDC =
2πa
b2σ

(7)

where σ is the conductance of the conductive material and the RAC of Litz-wire can be given by
Dowells equation [43].

Thus, it is necessary to compensate more finely for the result after deciding the scale conversion
ratio. At first, we need to obtain the ratio between the two parasitic resistances,

R′

R
= γr, (8)

either by calculation from field simulation software or by measurement of the miniaturized hardware.
According to resistance ratio, we must compensate for the change in resistance and inductance in
order to keep the quality factor, Q, invariant over the scaling conversion. We propose two methods of
compensation: The first method is to adjust the coupling coefficient to the ratio given by

k′

k
= γk, (9)

which could be achieved by additional adjustment of the coil distance in the scaled system. The second
method is to introduce resonant frequency scaling by a factor of

f ′0
f0

= γ f . (10)

Depending on the actual system, either or both of these two methods could be applied. However,
the first method without resonant frequency scaling is recommended in most cases, because the
resonant frequency is invariant during the scaling process. The advantage is that, in terms of controller
design, the results from the scaled system can be directly applied to the original system with only a
few modification. On the other hand, if the coupling coefficient scaling by coil distance adjustment
is sometimes not enough to completely compensate the quality factor, frequency scaling can be used
together with the coupling coefficient scaling. Likewise, to make rd scaling-invariant too, it is necessary
to counter-scale it by the load resistance scaling as in the following.
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R′L
RL

= γr (11)

As a result, to make both FOM and rd invariant at the same time, the following condition should
be met:

γkγ f =
γr

γg
. (12)

Condition (12) requires design trade-offs that, to some extent, consider the physical situation. As the
loaded quality factor, QL = FOM

k(1+rd)
is inversely proportional to the coupling coefficient, compensation

by adjustment of the coupling coefficient ratio, γk, will modify the bandwidth of the frequency response.
For example, if we put a high priority on keeping the resonant frequency the same during the scaling
process, it is inevitable that we allow bandwidth widening or narrowing. On the contrary, if we choose
to keep the coupling coefficient the same as the original system, a resonant frequency shift occurs.
Since the coupling factor should be limited to less than unity and the appropriate resonant frequency
for the driving circuit technology should be considered, various combinations of γk and γ f can be
tried according to the real world situation.

The scaling process is completed by choosing the compensation capacitance using

C′

C
=

1
γ f

2γg
(13)

to meet the resonant condition. According to the input driving voltage, V′1, the output power is
scaled by

P′out
Pout

=

(
V′1
V1

)2 1
γkγ f γg

, (14)

where Pout is the system output power delivered to the load resistance at the resonant frequency
(since the voltage gain is invariant).

In this paper, only symmetric structure is considered for simplicity; however, our work could
be extended to other structure. If the transmitter coil and receiver coil are in different shape, size or
number of turns, the formula of efficiency and voltage gain of the proposed scaling rules should be
reformulated and different inductance formula should be applied; however, the procedure of scaling
rules can be applied in the similar manner to retain the transfer characteristic during scaling process.

2.2.2. Design Procedure for the Proposed Scale Conversion

Following the scaling rules presented in the previous section, the design procedure is presented
here and a flowchart for the proposed scale conversion is shown in Figure 2. Assuming that the original
system design parameters including coil geometry and parasitic resistance are given, FOM and rd can
be calculated, and then voltage gain and efficiency can be obtained using (1) and (2) . The geometric
scale factor, γg, is decided first, the physical dimension of the scaled coil is given by (5) , this will be
used for the construction of the scaled system. The parasitic resistance ratio in (8) can be obtained
either by field simulation software or by real measurements from the physical implementation of the
scaled coil. Through compensation either by the coupling coefficient, γk, or by frequency scaling,
γ f , condition (12) should be met to keep the efficiency and voltage gain of the original and scaled
systems similar. In this compensation step, various combinations can be tried, but it should be noted
that the coupling coefficient, k′, needs to be less than unity and the frequency of operation should be
confined within the allowable band. Otherwise, the design step should be returned to try a different
compensation scenario or another physical ratio to meet such physical limitations. In the final stage,
the compensation capacitor for the scaled system is set out by Equation (13) .
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1. Original system 

information (L, C, R, RL, k 

and Rx, Tx size)

2. Obtain voltage gain , 

efficiency Eqs. (1), (2)

3. Decide the geometric 

scaling ratio Eq. (5)

5. Parasitic resistances 

scaling ratio Eq. (8) by 

simulation or measurement 

4. Constructing scaled coil

6. Calculate coupling, 

frequency scaling ratio 

Eqs. (9), (10)

8. Experiment and tests 

No

Yes

7. Coupling 

coefficient k’≤1

Figure 2. Design flowchart for the proposed scaling method.

3. Prototype Design and Experimental Results

3.1. Prototype Design

For verification of the proposed method, firstly, the original coupler and its miniaturized version
with a geometric scale of γg = 1

15 were simulated in the ANSYS-Maxwell software, as shown in
Figure 3. The original coil has a = 15 cm, b = 1.2 cm, and N = 34 (Litz-wire with 500 strands of 0.1
mm diameter), while the scaled coil has a’ = 1.1 cm, b’ = 0.1 cm, and N = 34 (Litz-wire with 200
strands of 0.06 mm diameter). In addition, the copper is used as conductive material. The 2D-RZ
Litz bundle model in ANSYS-Maxwell is adopted, where losses are calculated with AC power loss
estimations in [44,45]. In this simulation, RAC is calculated from the total AC loss that includes skin
effect and proximity effect. The value of AC resistance of the original and scaled system are 360 and
89 mΩ, respectively. Next, a prototype scaled coil was implemented with the parameter as the same
with the simulation, as shown in Figure 4. The coil parameter was measured by an Agilent 4363B
LCR meter. Theoretical calculations using the lumped inductance formula in (3) were compared with
the experimental results; as shown in Table 1, the coil resistances obtained were R = 352 mΩ and
R’=115 mΩ by measurement, which gives γr = 0.327.

312 mm

(a) Original coil

0 23 mm

(b) Scaled coil

Figure 3. Simulation in ANSYS-Maxwell software.
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(a) Original system

L2

L1

C2 C1

0.4cm

Rx

Tx

(b) Scaled system

Figure 4. Coil implementation.

Table 1. Scale ratio values.

Symbol Parameters Calculation Experiment

γg Geometric scale 0.067 0.065
γr Parasitic resistance scale 0.31 0.327
γk Coupling coefficient scale 5.16 5.11
γ f Frequency scale 1 1

Consider a S-S compensated resonant coupler system under load with FOM = 39 and rd = 100
in an FOM− rd design plane; all circuit parameters for the original and the scaled system are shown
in the left column of Table 1. These values were verified by actual measurements on the scaled coil,
as shown in the right column of Table 1. I To retain the voltage gain and efficiency after the scaling
process, only the coupling coefficient is adjusted by γk = 5.16, while the resonant frequency is kept
as before, i.e. γ f = 1, to obey the conversion rules suggested in Section 2. This kind of coupling
coefficient compensation is easily achieved by further reducing the distance between the transmitter
and the receiver coils from z’ = 2 cm to z’ = 0.4 cm, which increases the coupling coefficient from 0.06
to 0.31.

3.2. Experimental Results

To verify the prototype design, a full-bridge inverter and a full-wave rectifier are appended to
the transmitter and receiver coils, respectively, as shown in Figure 5; the four switches are used to
generate ac voltage, V1, from dc input voltage source, Vs. The output voltage of the receiver side,
V2, is connected with a full-wave rectifier; thus, the equivalent ac resistive load, RL, was replaced
by a resistive load, Ro, with a scale factor of 8

π2 [46,47]. The original and scaled system operate at
100 kHz. The experimental setup is shown in Figure 6 and the parameters for both the original and
the scaled system are presented in Table 2. At first, a sequence of signal-level tests using a network
analyzer (AP300) were performed to extract the frequency response of the ac voltage gain. Then,
a power-level test using a power analyzer (PPA 5530, N4L) was performed to find the efficiency as
well as the dc voltage gain. Figure 7 plots the voltage gain in the frequency domain. The data from the
experiment (red dots), the simulation (solid blue line), and calculations (black star) for the original
system are shown in Figure 7a,b these results are all very similar. The results from the scaled system are
shown in Figure 7c,d, and they show only slight differences in the voltage gain. The error is partially
because discrete coil availability caused a small deviation in the inductance value of the simulation;
other factors that affect the discrepancies are an increased stray capacitance and a reduced loaded
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quality factor. Further, the reduced coil distance introduced in the scaled system during the coupling
coefficient scaling increases stray capacitance between two coils. As explained below, the inherent
bandwidth widening in the voltage gain curve causes the waveform distortion in the current and
makes the calculation based on fundamental harmonic assumption prone to error.

Vs

S1 S2

S4S3
R1 R2

C1 C2

L1 L2V1 V2

Ro

D1 D2

D3 D4

Cf
+

-

+

-

k

I1 I2

RL

Figure 5. Circuit diagram for experimentation.

Original 

coil

Scaled coil Inverter Controller

Electric 

load

Rectifier

Figure 6. Hardware setup for power-level tests.

Table 2. Experimental parameters.

Symbol Parameters Original Scaled Unit

L1, L2 Inductance 618, 619 40.1, 40.3 µH
R1, R2 Parasitic resistance 352, 364 115, 117 mΩ
C1, C2 Capacitance 4.12, 4.14 45.3, 44.1 nF

k Coupling coefficient 0.06 0.31 -
RL Resistance of load 60 20 Ω
V1 Input voltage 35 10 V

Pout Output power 115 25 W
fs Frequency switching 100 100 kHz

MV,AC Voltage gain 2.73 2.27 -
η Efficiency 0.922 0.925 -
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(a) Voltage gain of the original system.
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(b) Efficiency of the original system.

80 90 100 110 120 130
0

0.5

1

1.5

2

2.5

3

(c) Voltage gain of the scaled system.
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(d) Efficiency of the scaled system.

Figure 7. Voltage gain and efficiency.
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The input and output waveforms of the original and the scaled systems from the power-level
tests are depicted in Figure 8. The voltage amplitudes of the original system, V1 and V2, are 35.2 and
96.1 V, as shown in Figure 8a; therefore, the voltage gain is measured as 2.73. Figure 8b shows the
waveforms for the scaled system, where the voltage gain measured is 2.7. The voltage gain measured
in the experiment is slightly higher than the theoretical value because of the diode voltage drop.
The results show that the scaled system preserves the voltage gain and efficiency, only allowing
widened bandwidth of about three times, as expected from the theory. It should be noted that
it is possible to reduce this bandwidth widening by choosing different combinations of γk and
γ f compensation.

(a) Original system.

(b) Scaled system.

Figure 8. Experimental waveform of the input and output.

4. Conclusions

This paper presents scale conversion rules for the IPT system with identical S-S structures.
The proposed scaling rules have outstanding merits when compared with existing scaling rules.
In terms of magnetic coupler characteristics in the frequency domain, the voltage gain and the power
transfer efficiency can be retained with a minimized distortion in the curve shape. In addition,
two viable methods are presented to compensate the parasitic resistance change considering practical
situations. By applying the proposed scaling rule, we can build a miniaturization system prior to a
large full-scale IPT system. Because most of the characteristics such as voltage gain and efficiency are
maximally retained, overall circuit operation and control strategy can be tested with saved time, space,
and labor.

For verification, a 1:15 scale miniaturized coil was designed and implemented; its characteristics
were compared to the original system. The results of our theoretical analysis match well with the
simulation and experiment. In this study, only symmetric structures were considered for simplicity;
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however, our work with slight modification could be extended to other configurations as well.
In addition, the non-identical coil structure is commonly used in some application, the proposed
scaling rule can be improved to include non-identical coil structure in the future. The proposed scale
conversion technique is expected to be very useful in the construction of miniaturized systems allowing
researchers to test system before committing to produce full-scale models.

Author Contributions: S.-J.C. proposed the basic concept of this paper; and C.-T.T. contributed the mathematical
formulation and hardware implementation. All authors have read and agreed to the published version of
the manuscript.

Funding: This work was supported by the 2019 Research Fund of University of Ulsan, Korea.
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Appendix A. Derivation of Performance Indices

The coupler equation of S-S configuration in Figure 1a can be simplified as[
V1/R

0

]
=

[
1 jkQ

jk Q
1+rd

1

] [
I1

I2

]
. (A1)

Therefore, Rx and Tx currents are obtained as

I1 =
V1

R
1 + rd

k2Q2 + 1 + rd
, (A2)

I2 = −j
V1

R
kQ

k2Q2 + 1 + rd
. (A3)

Thus, the output power is given by

Pout =
1
2

RL|I2|2 =
1
2
|V1|2

RL

k2Q2rd
2

[k2Q2 + (1 + rd)]
2 (A4)

and the ac voltage gain formula can be obtained as follows

MV,AC =

√
2RLPout

|V1|
=

FOM · rd
FOM2 + (1 + rd)

. (A5)

Furthermore, the power efficiency is given by

η =
Pout

Pin
=

RL|I2|2

R
(
|I1|2 + |I2|2

)
+ RL|I2|2

=
FOM2 · rd

(1 + rd)
2 + FOM2(1 + rd)

. (A6)
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